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1 Introduction 

Dimension reduction deals with the study of the asymptotic behavior of the solutions of a partial differ- 
ential equation (or a minimization problem) stated on a domain where one of the dimensions is much 
smaller than the others. This kind of problems has been widely treated by means of T-convergence 
analysis. Indeed T-convergence, (see subsection 2.1 for definitions and [12] for details), is well suited for 
dealing with the asymptotic behavior of variational problems depending on a parameter, since it provides 
good informations on the asymptotics of minimizers and of the minimal values. 

The aim of this paper is to provide a new proof for a T-convergence result, with respect to uniform 
convergence, for a family of functionals H e : W 1,00 (Q) — > R, of the type 

H e (u) := ess sup VI 7 (v a u, ^V 3 u^, (1.1) 

where f2 C K 3 is a bounded open set of cylindrical shape, W : M 3 — > R is a continuous function which 
satisfies suitable growth assumptions, V Q u and V3U stand for the partial derivatives of u with respect to 
x a = (xi,X2) and £3 respectively. 

Functionals H e are called supremal functionals (see subsection 2.2). They were introduced in [4] in 
order to study the problem of finding the best Lipschitz extension and they are deeply connected with 
the study of — Aoo (cf. [5]). The properties of such functionals proved to be useful in order to give a 
mathematical model for many physical problems as, for example, the problem of modelling the dielectric 
breakdown for a composite conductor or for the description of plasticity in polycrystals, cf. [15] and [8]. 

It is well known that the asymptotic behaviour of the functionals {H £ } is related to the following 
minimum problems 

inf \ ess sup W{Vu) : u € W 1 ' 00 ^)) \ , 

{ 0(e) J 

where w C R 2 is a bounded open set, satisfying suitable assumptions that will be specified later, f2(e) := 
u) x (— e, e), W is as in (1.1) and Vu stands for the vector of all the partial derivatives of u. 
In fact, rescaling the domain f2(e) one is lead to consider 

inf jess sup W (v a u,^V 3 v\ : u e W h °°(n) 
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with fl := = u x (-1,1). 

The main results are contained in the following theorems. 

Theorem 1.1. Let uj C K 2 be a convex, bounded open set and let 0:=ux (— 1, 1). Let W : R 3 — > [0, +oo) 
&e a continuous function, and assume that 

W{Cj > C\\£\\ for every £ 6 R 3 . (1.2) 

for every e > define F £ : C(f2) — > [0, +oo] &?/ 



F e (u) 



ess sup W ( V a M(.i),-V 3 »i(.T) ) ifu G W 1 ' 00 ^), 



xefi 



foo otherwise. 
Then the family {F E } e T(L°°)-converges to the functional Fq : C(f2) — > [0, +oo] given by 



esssup(W ) lc (V Q u(a; Q )) ifu G W 1,00 (w), 
+oo otherwise, 



F (« := <^ (1.3) 



where, for every zgl 2 , 

W (z) = MW(z,0, 

and (Wo) is the level convex envelope of Wo, defined in (2.3). 

The argument we show in the proof of Theorem 1.1 relies on some results about dimensional reduction 
for gradient constrained integral functionals, developed in an unpublished manuscript by R. De Arcangelis. 
These results are contained in [14] and they deal with T-convergence and integral representation in the 
framework of Sl^-spaces, while the version we present in the theorem below is suited for the applications 
to the supremal functionals in the continuous setting. 

Theorem 1.2. Let uj be a convex bounded open set in M 2 and let := uj x (—1,1). Let f : R 3 — > [0, +oo] 
be a Borel function, Let Ff e (-, 0) : W 1 ' 00 ^) — > [0, +oo[ be the functional defined as 

F f . (u, uj) := j f (v a u, \ V 3 u) dx, (1.4) 

It results that Ff e T(L°°)- converges, as e — > 0, to 

F{u,u}) := 2 / (f )**{V a u)dx a for every u E W 1 ' 00 ^), 



where fo is defined in (3.3) and (/o)** represents its lower semicontinuous and convex envelope as in 
(2.2). 

We stress the fact that Ff e (u, f2) is finite if and only if Vit € dom/ E a.e. in O, i.e. 

V Q w, — V3U J G dom/ a.e. in f2. (1-5) 



Finally we underline that the target of our contribution consists in showing that also in the case 
of dimension reduction it is exhibited the deep relation existing between unbounded functionals and 
supremal functionals (see section 3), as emphasized in [7] and exploited in [9]. 

The paper is organized as follows: section 2 is devoted to preliminary results of Convex Analysis, 
measure thoery, T- convergence and supremal functionals. In section 3 we present the results, first we 
treat the integral representation of unbounded functionals, then in subsection 3.2 we prove theorem 1.1. 
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2 Preliminaries 

We start by fixing notations and recalling results from Convex Analysis. 

N G N is fixed. ^(R^) denotes the sets of the bounded open subsets of R , and C N is the Lebesgue 
measure on M. N . 

For a given S C M. N we denote by aff(S) the affine hull of affS, defined as the intersection of all the 
affine sets containing S. It is clear that aff(S) is the smallest affine set containing S. 

For every S C we denote by co(S) the convex hull of S, i.e. the intersection of all the convex 
subsets of H N containing S. It is clear that co(S) is the smallest convex set containing S. 

If C C R N is convex, we denotcby ri(C) the relative interior of C, i.e. the set of the interior points 
of C, in the topology of aff(C), once we regard it as a subspace of aff(C). We recall that ri(C) ^ 
provided C ^ 0. When aff(C) = R N we write as usual ri(C) = int(C). Moreover, we also recall that 

tz + (1 - t)z G ri(C) whenever z G ri(C), z G C, and t G [0, 1[. (2.1) 

For every g : R^ — > [0, +oo] we set donig = M. N : g(z) < +oo}. 

Let g : M. N — > [0, +oo] be convex. Then it is well known that dom<? is convex, that g is lower 
semicontinuous in ri(domg), and that the restriction of g to ri(domg) is continuous. In particular, if 
int(domg) ^ 0, then g is continuous in int(dorng). 

For every g : R^ — > [0, +oo] we denote by cog the convex envelope of g, i.e. the function 

cog : z G R N H> sup{0(z), <j> : R N [0, +oo] : 4> < 9,4> convex}. 

Clearly, cog is convex, and cog{z) < g(z) for every z G R N . Consequently, cog turns out to be the 
greatest convex function on W N less than or equal to g. 

For every g : M. N — > [0, +oo] we denote by g** the convex lower semicontinuous envelope of g, i.e. the 
function defined by 

g**(z) — sup{0(z), (f> : M w — > [0, +oo], <f> < g,4> convex and lower semicontinuous}. (2-2) 

Clearly, g** is convex and lower semicontinuous, and g**(z) < g(z) for every z G M. N . Consequently, g** 
turns out to be the greatest convex lower semicontinuous function on M. less than or equal to g. 

Proposition 2.1. Let g : M. N — > [0, +oo]. Then ri(dom(g**)) = ri(dom(co<?)) = ri(co(domi7), and 

g**(z) = cog(z) for every z G ri(co(domg)) U (R N \ co(dom<7)). 

We refer to [11] for more details. 
A function g : R N — > (— oo, +oo] is said to be level convex if for every ( e M, the level set {z G M. N : 
g{z) < t} is convex. This property can be equivalently stated as follows: for every A G [0, 1],Z\, z 2 G 1^, 

g{\zi + (1 - \)z 2 ) < ma^{g(z 1 ),g(z 2 )}. 

The level convex envelope of a function g : WL N — >] — oo, +oo] is defined as 

g lc (z) := sup{/T,(z), h : M. N — >} — oo; +oo] : h < g,h lower semicontinuous, level convex.} (2-3) 

For every E C R N , we denote by Ie the indicator function of E defined as Ie(x) = if x G E and 
I E (x) = +oo if x G R w \ E. 

Let z G R N , we denote by u z the linear function, defined in 1^, whose gradient is z. 

Let 9 : Aq(M. n ) — > [0, +oo]. We say that 9 is increasing if 

0(fii) < 9(n 2 ) for every Oi, il 2 G such that Oi C fl 2 . 

We denote by 0_ the inner regular envelope of 9 defined by 

L:(]£ A Q (R N ) m. sup {9(A) : A G Aq(R n ),A C fj} , (2.4) 
and say that 9 is inner regular in 17 G ^(R^) if 

0(fi) = 6»_(fi). 

It is clear that 9- is increasing, and that it is inner regular in f2 for every H G ^(R^). 

Hereafter, if U is a set, $ : [/x ^(K^) — ^ [0, +oo], and u G ?7, we denote by (it, •) the inner regular 
envelope of <&(«, •), namely the function defined, for every f2 G ^0(^^)1 by $-(m, = &(u, -)_(f2). 
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2.1 r-convergence 

Definition 2.2. Let X be a metric space, and F„ : X — > (—00, +00] be a sequence of functions. We 
denote by 

F' (x) := inf < liminf F n (x n ) ■ x n — > x in X > (2-5) 
the T-lower limit, or more shortly the F- liminf of the sequence {F n }. Similarly, we denote by 

F"{x) := inf < limsupF„(a;„) : x n — > x in X > (2-6) 

the F-upper limit, or more shortly the T-limsup of the sequence {F n }. When F' = F" = F, we say that 
F is the T-limit of the sequence {F n }, and it is characterized by the following properties: 

(i) for every x G X and for every sequence (x n ) converging to x in X , then 

F(x) < liminf F n (x n ); 

n— >oo 

(ii) for every x G X there exists a sequence (x n ) (called a recovering sequence,) converging to x in X 
such that 

F(x) = lim F n (x n ). 

n—too 

Definition 2.3 (T-convcrgence for a family of functional). Let X be a metric space, and {F e } : X — > 
(—00, +00] be a family of functionals. Definition 2.2 can be extended to {F £ } if (2.5) and (2.6) hold for 
every sequence {e n } extracted by the family {e}, with e n — > 0. 



2.2 Supremal functionals 

Let J7 C I 1 *' be an open bounded domain. A supremal (localized) functional on W 1,0 °(ft) is a functional 
of the form 

F(u, A) := ess sup f(Vu{x)), (2.7) 

where u G W l '°°{£l) and A is any open subset of fi. The function / which represents the functional is 
called supremand. 

As observed in [7], a necessary and sufficient condition for the lower semicontinuity of a supremal 
functional of the type (2.7) with respect to the weak* topology of W 1,00 (fl) is the lower semicontinuity 
and level convexity of the supremand /. 

A general relaxation results for supremal functionals (see [6, Theorem 2.3]), with a Caratheodory 
supremand, with dependence on x and u, has been proved in [17] and involves the lower semicontinuous 
and level convex envelope of the supremand / (c.f. formula (2.3)). 

3 Integral representation for gradient constrained functionals 
arising in dimension reduction 

This section contains the main steps to the proof of Theorem 1.2. 

Here and in the remainder of this section let lu G „4o(K 2 ) and il := ui x (—1,1). We will write any 
x G SI := lu x (—1,1) as (2^,23), where a stands for 1 and 2. Moreover dC 3 will be denoted also as dx 
or dx a dx3. 

If u is a Sobolev function, we denote by Vu the vector of all the partial derivatives of u with respect 
to its variables. If u is defined on an open subset of R 3 , we denote by V ' a u the vector of the first 2 
components of Vit and by V3M the last component. 

Let / : R 3 [0, +oc] be a Borel function. For every e > 0, u G A Q (R 2 ) and u G W 1,00 (f2) we define 
F U as in (1.4). 
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We set 

F\-,u) : u £ W h °°(n) T{L°°) - liminf F f ,(u,u), (3.1) 



F"(-,u) : u G W 1>00 (Q) -> r(L°°) -limBupf>,(u,w). (3.2) 



We recall that, from Definitions 2.2 and 2.3 for every u £ „4o(R 2 ), F'(-,cj) and F"(-,uj) are lower 
semicontinuous with respect to the uniform convergence. Obviously, 



Finally we set 



We define / ** = (/ ) 
It is clear that 



F'(u,cj) < F"(u,lo) for every u £ W 1,oc (n). 

f :z£R 2 ^ inf f(z,(). (3.3) 



CGI 



dom/ = Pr 2 dom/, (3.4) 

where Pr 2 is the projection operator from R 3 to M 2 . 

By (3.4), once we recall that the operators co and Pr 2 commute, we deduce that 



Pr 2 co(dom/) C dom/ ** C Pr 2 co(dom/). (3.5) 

Nest we state some auxiliary results. 
If g : M 2 — > [0, +oo] is convex and lower semicontinuous, we define the functional F g as 

F g : (u,w) G W^OR 2 ) x A (R 2 ) ^ f g{Vu)dx. (3.6) 

The proof of the following result can be found in [11]. 

Proposition 3.1. Let g : M. 2 — > [0, +oo] be convex and lower semicontinuous, and let F g be defined in 
(3.6). Then, for every lo £ Aq(M. 2 ), F g (-,uj) is L\ oc (uj) -lower semicontinuous. 

The following approximation in energy result for F g holds (cf. [11, Lemma 7.4.4]). Here and in what 
follows for every uj £ ^lo(^ 2 ) an d 1) > 0, we set uj~ = {x G oj : dist(x, dio) > n}. 



(3.6). Then 



Proposition 3.2. Let g : R 2 — > [0, +oo] be convex and lower semicontinuous, and let F g be defined in 



F g (u v ,uj-) < F g (u,uj) for every u £ A(K 2 ), u £ W^fM 2 ), and r) > 0, 
where {u v } is the sequence of standard mollifications as defined in [11, formula (4.1.2)]. 

Proof of Theorem 1.2. The Gamma convergence result has been obtained by double inequality. The lower 
bound is a consequence of Proposition 3.3. The proof of the upper bound, where the gradient constraints 
really play a role, relies on techniques of Convex Analysis analogous to those contained in [13]. The proof, 
contained in [14] is sketched in subsection 3.1. □ 

The following result relies on a by now 'standard' technique in dimensional reduction (cf. for instance 
[16]). 

Proposition 3.3. Let f : M 3 — > [0, +oo] be a B or el function as in Theorem 1.2, and let F' be given by 
(3.1). Then 

fo*(V a u)dx a < F'{u,lo) for every (it, a;) G W 1 ' 00 ^) x A>(R 2 )- 
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Proof. Let (u,u) G W 1 ' 00 ^) x „4 (R 2 ), and let {u £ } C W 1,00 (fi) be a sequence such that u £ ->• u 
uniformly and liminf F £ (u £l to) < +00. Then 

liminf F e (u e , u>) = liminf f f (v a u £ , -V3U £ ) dx a dx 3 > liminf / /g* : (V a u £ )dx a . 



Now, for a.e. X3 G (— 1, 1), it turns out that u £ (-,X3) — > u in Consequently, Proposition 3.1, 

applied to / fQ*(\7u)dx a implies 

liminf / fa*(V a u £ (-,x 3 ))dx a > / / **(Vu)dx Q for a.e. x 3 G (-1,1). 
Because of this and of Fatou's lemma, we deduce that 

liminf F e (u e ,oj) > / (liminf / /o*(V Q u e (-, Z3))da; a ) <ir3 > 

1 (7 /o'CVuJdSa) dx 3 = 2 [ ft*(Vu)dx a . 

This concludes the proof. □ 

We stress the fact that the lower bound inequality does not involve any technical assumption on / 
and is not affected from the unboundedness of /. 



3.1 Estimate from above 

We quote the results necessary to the achievement of the T-limsup inequality. For the sake of brevity 
we do not present all the proofs, which are contained in [14], but we just give the main steps. A more 
detailed proof is provided for the last two lemmas contained in this subsection, in order to reach the 
representation in W 1,00 (uj)^ since the results contained in [14] regard lower semicontinuity in L 1 and 
obtain an integral representation on the space of functions of bounded variation. We also stress the fact 
that the 'upper bound' is achieved first on linear functions, then on piccewise affinc functions, smooth 
ones and finally on W 1 ' 00 . To this end we recall that PA(R 2 ) is the set of piecewise affinc functions, 

rn 

namely continuous functions, that can be written as u(x) = ^^(u Zj . (x) + Sj)xPj(%) for a.e.x G R JV , with 

3=1 

Pj polyhedral sets, namely intersections of a finite family of closed half-spaces. Clearly, a polyhedral set 
is closed and convex. 

The proof of following lemma relies on a refined version of the so called Zig-Zag lemma, proven in [13, 
Lemmas 3.1 and 3.3]. 

Lemma 3.4. Let f : R 3 — > [0, +00] be a Borel function as in Theorem 1.2. Then 

inf < limsup / / (\7 a u £ , — Wsu £ J dx a dx3 : 

K} C W 1>00 (n), u £ -> u z in L°°(ft))} < 2£ 2 Hco/ (z) 
for every (z,w) G K 2 x G A(K 2 )- 

The lower semicontinuity of F" with respect to the uniform convergence, the properties of /q*, (2.1) 
and Proposition 2.1, the application of Lemma 3.4 to tz + (1 — t)z with z G ri(dom/o*),with t G (0, 1), 
allow to prove the following result. 
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Proposition 3.5. Let / : R 3 — > [0, +00] be a Borel function as in Theorem 1.2, and let F" be given by 
(3.2). Then 

F"{u z ,tu) < 2£ 2 {Lu)f**(z) for every (z,co) G R 2 x A (M. 2 ). 

The extension of Proposition 3.5 to piecewise affine functions relies on a preparatory result analogous 
to [10, Lemma 3.6], whose proof we omit for the sake of exposition. The statement below is an adaptation 
of [13, Lemma 2.1] 

Lemma 3.6. Let u = X)jli( u zj + s j)XPj be in PA(M. 2 ), and let lo be a convex open subset 0/R 2 . Then 
there exist k G N and N i} . . . , N k C {j g {1, . . . ,m} : int(P,) D to ^ 0} such that 

u(x) = max min(u 2 . (x) + Sj) for every x G lo. (3-7) 

i£{l,...,fc} j£Nt 3 

We also underline, that when representing the r-limit on piecewise affine functions, because of the 
use of representation (3.7), the domain lo needs to be assumed convex. In fact, we recall that in [10] 
several counterexamples are provided, which show that (3.7) cannot be achieved if the convexity of lo is 
dropped. In fact the result below can be achieved in two steps, first one provides an abstract formula for 
the integral representation of the Gamma-limsup on functions which are minimun and/or maximum of 
others, then Lemma 3.6 and Proposition 3.5 are applied. 

Proposition 3.7. Let f : R 3 — > [0,+oo] be a Borel function as in Theorem 1.2, and let F" be given by 
(3.2). Then 

F"(u,lo)< I /q*(V a u)dx a for every u£ PA(R 2 ),co G A)(R 3 ) 

convex. 

J u 

Next it is stated the upper bound for the inner regular envelope of F" (cf. (2.4)) on the class of C 1 (R 2 ) 
functions. The proof can be obtained exploiting the strong approximation of C 1 functions by piecewise 
affinc ones and the convexity of /q* and adapting to the dimensional reduction case arguments in the 
same spirit of those contained in [13, Lemma 3.8]. We also would like to underline that the convexity of 
lo yields that, 

sup {F"(u, A) : A £ Ao(R 2 ), A convex, A C lo} = F'1{u,lo), 
and this plays a crucial role to obtain (3.8). 

Lemma 3.8. Let f : R 3 — > [0, +00] be a Borel function as in Theorem 1.2, and let F" be given by (3.2). 
Then 

F'1{u,lo)< j f£*(V a u)dx Q for every u G C^R 2 ),^ G »4o(R 2 ) convex. (3.8) 



We present the completion of the proof of the upper bound inequality. We argue as in [10, Lemma 
3.9]. 

Lemma 3.9. Let f : R 3 — > [0, +00] be a Borel function as in Theorem 1.2, and let F" be given by (3.2). 
Then 

F1(u,lo) < f f**{\7 a u)dx a for every u G (R 2 ) , u G A>(K 2 ) convex. (3.9) 



Proof. Let lo and u as in (3.9). Denoting by u^(a; Q ) the regularization of u at x a defined in [11, formula 
(4.2.1)], and recalling that for every 77 > 0, u v G C°°(R 2 ), and that u n — !> u uniformly on the compact 
sets of R 2 as r\ — > 0, by Proposition 3.2 applied to i 7 /** , we have 

fo*(y a Un)dx a < f fZ*(V a u)dx a for every u G W£ C °°(R 2 ), and r] > 0. (3.10) 

Let now A CC lo be a convex open set, and take rj > sufficiently small in order to guarantee that 
A CC lo~ . The convexity of A, Lemma 3.8 and (3.10) provide 



(F A) < / fo*(y a u v )dx a < fo*(y a v,r,)dx a < 

J A Ju)„ 

(3.11) 

/ /o*(Vu)dx Q for every r) > sufficiently small. 

J u 
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Passing to the limit in (3.11) first as r\ — » 0, then letting A invade w, and exploiting the lower 
semicontinuity of (see [12, Remark 15.13]) and the fact that (F")- is an increasing set function, 

the thesis follows. □ 

The proof of the upper bound inequality is concluded by the following lemma, in the spirit of [10, 
Theorem 3.10] 

Lemma 3.10. Let f : R 3 ->• [0, +oo] be Borel, and F" be given by (3.2). Then 

F"(u,uj) < [ fo*{y a u)dx a for every u £ W hQC {uj),uj £ A {R 2 ) convex. 



Proof. Since u> is convex there is no loss of generality in assuming u £ W '°°(M. ). Analogously we can 
assume that dom/p* is not empty. If dom/p* contains just one point the thesis follows by Proposition 
3.5. Thus we can suppose also that (0,0) £ dom/g*, consequently the convexity of /q* entails that 
(0,0)eri(dom/ **). 

If this was not the case we could assume that uo £ R 2 is the element in ri(dom/o*), and the subsequent 
analysis could be repeated for the translated function g$*{z) := /q*(z + zo) and the translated functional 
F^{u,uj) := F"(u Zo + z,u>). 

Let xq £ uj and t > 1 and let u t be the function defined by u t : x a £ R 2 — > u (xo + Xa t x ° ) , then 
u t £ W 1 '°°(M^ 2 ) and u t — > u in L°°(ui). The convexity of ui and Lemma 3.9 entail that 

F"{u u u)<{F")-{u u x + t{u-x Q ))< f f5*(y a ut)dx a . 

By the change of variables y a = x n + x °-~ x ° in the right hand side of the inequality above and by the 
convexity of /q* we have 



F"(tH,u) < r J f* * y-^J dy a <tj r *{V a u)dy a +t z \l - - 1 |w|/J*(0). 
The thesis follows as t — > 1 by the lower semicontinuity of F". □ 



3.2 Theorem 1.1 

This section is devoted to the proof of Theorem 1.1. The strategy of the proof is inspired by [9] , besides the 
authors therein consider cell-formulas for the densities. On the other hand, in our context we can avoid 
the introduction of cell-formulas, and we can deal just with simpler formulas which explicitly provide a 
representation and exhibit the link with the original densities. We start by recalling some properties of 
the functions involved in formula (1.3) (for more details we refer to [6, Section 6]). 

i) If W : K 3 — > [0, +oo) is continuous and level convex, then Wq is level convex as well. 

ii) If W : M 3 -> [0,+oo) is continuous, then (W ) lc (z) = (W lc )o(z) for every z £ M 2 . 

iii) (Wo) lc is lower semicontinuos. 

Proof of Theorem 1.1. The proof of the lower bound inequality, i.e. the fact that for any u £ C(Q) it 
results 

F (u) <liminfF e (« e ) 

e— >0 

whenever {u £ } C C(f2) is uniformly converging to u in Q, is exactly as in the proof of [6, Theorem 6.1]. 

For what concerns the upper bound we observe that [17, Theorem 2.6] guarantees that there is no 
loss of generality in assuming W already level convex and the right hand side of (1.3) finite. 

The result will be achieved through a repeated application of Theorem 1.2. 

Let u £ W 1,0 °{ui) and let M := esssup(Wo) lc (V a M) and consider the functional 

u £ W^°°(n) -> Xc(u) = j I C {^ a u, ^V 3 m^ dx 
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where Ic is the indicator function of C = {z € R 3 : W(z) < M\ . Since W is continuous and level convex 
it is easily observed that C is closed and convex. (1.2) entails that C is also bounded. Consequently Ic 
is lower scmicontinuous. These facts allow us to apply Theorem 1.2 which provides 

r(L°°) - lim2c(0 = 2 / \(I c ) y*(V a u)dx a (3.12) 

if u e W 1 ' 00 ^). 

It is crucial to observe that if C = {z eR 2 : (W ) lc {z) < M}, then Ic (z) = {{I c )o)** (z). 
In fact, the assumptions on W and ii) imply that (W^o)' = Wo, moreover (3.4) entails that 

Co = Pr 2 C. 

The last equality, (3.5) and the fact that C is closed and convex entail that 

dom(((I )oD = dom(/ Co ). 
(3.12) guarantees the existence of a sequence {u £ } e such that u e — > u uniformly and 

limsup / Ic ( V Q u £ , —Vzu e ] dx < 2 j Ic {V a u)dx a , 
thus wc can say that there exists £q > such that for every e < Sq 



i.e. for every e < £q (cf. (1.5)) 



equivalcntly 



ess sup W ^V a M e , - V3it e 



limsup ess sup W ( V q m., -V3W e ) < ess sup(W / o) lc (V Q u). 



This concludes the proof. 



□ 



Acknowledgments. 

The author wish to thank Irene Fonseca. The author is also deeply indebted with Riccardo De 
Arcangelis, to whose memory this note is dedicated. 

References 

[1] G. Aronsson: Minimization Problems for the Functional sup x F(x, f(x), f (x)). Ark. Mat. 6 

(1965) , 33-53. 

[2] G. ARONSSON: Minimization Problems for the Functional sup x F(x, f(x), f'(xj). II, Ark. Mat. 6 

(1966) , 409-431. 

[3] G. ARONSSON: Extension of Functions satisfying Lipschitz conditions. Ark. Mat. 6 (1967), 551-561. 

[4] G. Aronsson: Minimization Problems for the Functional sup x F(x, f(x), f'{x)). Ill, Ark. Mat. 7 
(1969), 509-512. 

[5] G. Aronsson, M. G. Crandall, P. Juutinen:A tour of the theory of absolutely minimizing 
functions. Bull. Amcr. Math. Soc. (N.S.) 41 no. 4, (2004), 439-505. 



9 



[6] J.-F. Babadjian, F. Prinari, E. Zappale: Dimensional reduction for suprcmal functional., 
Discr. Cont. Dyn. Syst. (A), 32, n.5, (2012), 1503-1535. 

[7] E. N. Barron, R. R. Jensen, C.Y.Wang: Lower Semicontinuity of L°° Functional. Ann. Inst. 
H. Poincarc Anal. Non Lineaire (4) 18 (2001), 495-517. 

[8] M. Bocea, V. Nesi: V -convergence of power-law functionals, variational principles in L°° , and 
applications. SIAM J. Math. Anal. 39 (2008), no. 5, 1550-1576. 

[9] A. Briani, A. Garroni, F. Prinari: Homogenization of L°° functionals., Math. Models and 
Methods in Applied Sciences, 14 (2004), 245-268. 

[10] L. Carbone, A. Corbo Esposito, R. De Arcangelis: Homogenization of Neumann problems 
for unbounded integral functionals, Boll. U.M.I., serie 8, vol. 2-B (1999), n.2. 463-491. 

[11] L. Carbone, R. De Arcangelis: Unbounded Functionals in the Calculus of Variations. Rep- 
resentation, Relaxation and Homogenization. Chapman & Hall/CRC Monogr. Surv. Pure Appl. 
Math. 125, Chapman & Hall/CRC Boca Raton, FL (2001). 

[12] G. Dal MASO: An Introduction to T- Convergence. Progress in Nonlinear Differential Equations 
and their Applications 8, Birkhauser, Boston (1993). 

[13] R. De Arcangelis: On the relaxation of some classes of pointwisc gradient constrained energies, 
Ann. I. H. Poincare 24, (2007), 113-137. 

[14] R. De Arcangelis: unpublished work. 

[15] A. Garroni, V. Nesi, M. Ponsiglione: Dielectric breakdown: optimal bounds. R. Soc. Lond. 
Proc. Ser. A Math. Phys. Eng. Sci. 457 (2001), no. 2014, 2317-2335. 

[16] H. Le Dret, A. Raoult: The nonlinear membrane model as variational limit of nonlinear three- 
dimensional elasticity., J. Math. Pures Appl. (9), 74, (1995), 549-578. 

[17] F. Prinari: Relaxation and T-convergence of L°° -functionals, Adv. Calc. Var., 2, (2009), 43-71. 



10 



